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For modified Szdsz operators, S. M. Mazhar and V. Totik gave a direct
approximation theorem for continuous functions. In this paper we extend this direct
result to combinations of these operators. An inverse theorem to this direct estimate
is given. An equivalent relation between the derivatives of these operators and
smoothness of functions is also presented. ¢ 1993 Academic Press. Inc.

1. INTRODUCTION

The well-known Bernstein polynomials are given by
n . ’z n
B, (fix)=} .f(k/n)<k> X(U=x)"" =3 flk/n)b, ((x).  (1.1)
k=0 k=0

It was shown by H. Berens and G. G. Lorentz [2] that if 0 <x <2 then
[B,(f, x)—f(x)]| S M(x(1 —x)/n)** if and only if |f(x+h)—2f(x)+
Sx=MW a1 —ay=0("). M. Becker [1] extended this result to certain
other exponential type operators, which also gave the characterization of
the classical modulus of smoothness. It is thus of interest to characterize
the higher orders of smoothness by positive linear operators. In this paper
we give such a characterization by the so-called modified Szasz operators
on [0, oc)

L= 3 0| S0P, (1) di P, o(x),
k=0 "0 (1.2)

P, (x)=e "(nx)*/k\.
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These operators were defined by S. M. Mazhar and V. Totik [9] in 1985.
The saturation and non-optimal characterization results were given by
means of the so-called Ditzian-Totik modulus of smoothness.

Mazhar and Totik gave a direct theorem in the form

IL,(f, x) = f(x)| < Mo (f, (x/n+n"%)!2). (1.3)

The inverse result to (1.3) was considered as “far less obvious.” We shall
give such an inverse result. We shall also extend (1.3) and the inverse
theorem to combinations of these operators as defined by M. Heilmann
{8] in 1989, which have higher orders of approximation.

Another interesting topic in this area is the close connection between
smoothness of functions and the behavior of derivatives of optimal polyno-
mials or approximation processes [5, 7]. In this paper we give a similar
result for the modified Szasz operators.

2. NOTATIONS AND PRELIMINARY RESULTS

Let C[0, oc) be the set of continuous and bounded functions on [0, ).
(|- denotes the supremum norm. The rth modulus of smoothness we wili
consider is defined in C[0, =) by

w,(f, )= sup |4, /()] (2.1)

O<h<t

where 45 f(x)=34 _o (= 1) (D) flx+ (k—r/2)h), if x> rhj2; 47, f(x)=0,
otherwise.

To characterize smoothness we use a combination of the modified Szasz
operators given by

ro-1
Ln. r(f; x) = Z ai(n)[‘n,(.f; x)’ (22)

where with an absolute constant A, n;, and a,(n) satisfy

r—1
(a) n=no< - <n,_ <An; (b)Y |a(n)] <4;
(2.3)
() Y adm)=1; (d) Y a(mn*=0, for k=1,.,r—1

i=0 i=0

Note that L, ,{f, x)=L,(f, x).
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We also use the Peetre’s K-functional

K(f0)= inl {1/ =gl +1 lgln), (24)

where the Sobolev space D, and its norm are defined by
D,={geC[0,c):g" "eAC,,., g"eL,[0, o)},
leln=lgl+1g"..

It is well known that for fe C[0, oc) we have

Mg o (f, )< KAL) <SMow,(f, 1) (2.5)

with a constant M, independent of f and > 0.

3. A DirRECT THEOREM

We now extend the direct estimate (1.3) to the combinations L, ,. We
use the following lemma.

Lemma 3.1 [8]. Ler W, ,(x)=L,((x—-)",x) for ne N, m=20. Then
we have

m

Wn. 2,,,(X) = Z Qi. Zm(x/n)m in B 2”3 (31 )
i=0

”

Wn. 2m+l(x)= Z qi, 2m+l(x/n)m in 2"71’ (32)

i=1

where the real coefficients {q; 5, } and {q; 5, .} are independent of x and
bounded uniformly by M, .

THeOREM 1. Let fe C[0, ), re N. Then we have
ILn. r(f» .\’) _f(’()' < MK,(f, (x/n +n" 2)h“2)

<SMwf.Jx/n+n?), (3.3)

where M and M' are constants independent of f, ne N, and x = 0.

Proof. From the definition of the L, , and Lemma 3.1, we have

Ln,r(('—x)ks x)=0a k=1,...,r—1.
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Let ge D,. Then by (3.1) and Holder’s inequality we have

an.r(g9 .’C)—g(.‘f)l =

L,,.,(j' (1= u ' g ) duflr — 1), x>

Ry

ro-1
< Y laml L, (le=xI", x) gl
i=0

< Y la )l (L, (1= x), X)) 2 118
=0

r—1

< 2 la(m)l (My(r+ D) (x/n+n"2))"2 ) gl

i=0

SAM, (r+ 1) (xfntn 22 g,
Thus, for fe C[0, ¢ ), ge D,, xe [0, oc) we have
(L, .(f, x)—f(x)|

< ‘Ln,r(_f— g, x)[ + lf(") _g(x)l + 1Ln,r(g’ X) —g(\‘)[

S(A+ 1) [[f—gll+AM (r+1)2 (x/n+n"2)2 g7,

SM{|f—gll+ (x/n+n"3)2 g}
By taking the infimum over ge D,, we obtain

IL,, (fs x)=F() S MK (f, (x/n+n2)7),

where M is a constant independent of f, xe [0, o0 ) and ne N. Using (2.5)
we obtain (3.3). Our proof is then complete.

Remark. 1In the case r =1, our result is the direct estimate of Mazhar
and Totik [9].

4. AN INVERSE THEOREM

The purpose of this section is to give an inverse result. Some of the ideas
used may be found in [1,7, 12].

THEOREM 2. Let fe C[0, o0}, re N, O <u<r. Then we have
(L, A fs x)=f() S Clx/n+n 22 (4.1)
with a constant C independent of x and n, if and only if

w,(f, h)= O(h*).
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Remark. In [12] we have shown that for the Bernstein-Durrmeyer
operators

D= ¥ et [ s () ra-or va()ra-wr @
k=0 0

and 0 <a < 1, we have

w,{(fi Y=0(h*) < |D(f, x)— () < Cx(1 —x)n+n %% (43)

The term x({1 —x)/n+n"? cannot be replaced by x(1—x)/n in (4.3).
Therefore, in (4.1) the term x/n+n 2 cannot be replaced by x/n.

We have also stated in [12] that for 1 <a <2 there exist no functions
Y, (x)}, .~ such that for fe C[0, 1] the following equivalence holds

wy(f, h) = O(h*) <= | D, (/. x) = f(x)| S CV¥, ,(x). (4.4)

In view of this fact we cannot expect a similar characterization by the
modified Szasz operators for the functions satisfying w,(f, h) = O(h*) with
l<a<2.

Proof of Theorem 2. 1t is sufficient to prove the inverse part.
Suppose that {4.1) holds. Let 0 <r<h<1/(8r), ne N, xe({rit/2, cv). Set

dn, x, ty=max{1/n, /(x+rt/2)/n}. Then we have
4001 3 () Lo o =20~ (= /2000

i=0

j‘...j‘UZZle'.lr(ﬁ X+ z’: uj> du, -du,

— i=

L2¥C(d(n, x, ))*

+r§1 |a; ()] Jfl?z {

+

Lo (f~fur+ 3 )

i=1

+‘Lf,f’(f,,,x+ Y u,)}du,mdu,. (4.5)
j=1
Here f,e D, is taken, for d> 0, to satisfy
[f=fall . <2K.(f, d"}<2M o0, (f, d) (4.6)

and

Lfa' e <24 K Af, dY<2Mod "', (f, d). (4.7
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Note that from [8]
LU x)= 3 n [ Poaa (0 f§0) d1 P, i(x),
k=0 0
We thus have

r- 1 12 r
S laml || ‘Li,’,'(fd, ) u,-)
i=0 -2 i=1

<A
<2MyArd o, (f, d). (4.8)

du,---du,

By [8] we also have

L5 =0 T Past) ¥ =1 () [ a0
k=0 j=0 J Y

= ji=

X (f()—=fa(1))dt

<2nilf=fal. (4.9)

Combining this estimate with the result of Lemma 4.1 we obtain

du,---du,

r—1 2
T a0l [

—1/2

Ly <f—f,,, X+ Y u,)
j=1

SAQR AT+ M A || f—1f4

12 r —ri2
X min {n’t’, n’“"ZJ‘---I N <x+ Y u,) du, ---du,}
— P

AT+ M)+ M) | f= £l ¢ min{w, (n/(x+r1/2))")
= A7 N2+ Mo+ M) = fall 17(dln, x, 1) . (4.10)

Here we have used the following inequality which can be proved in the
same way as in [12]

0“2 r —r/2
jf (x+ y u,) du, - du, <M U (x+r1/2) 72 (4.11)
12 =1

Thus, from (4.5), (4.8), and (4.10) we obtain

|47 f(x)| <4C(d(n, x, 1))+ 2M,At’d v, (f, d)
F2Mo A" N2 + M)+ M) (dn, x, 1) " o,(f, d).
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Let d=d(n, x, t). Then we have
147 () < C'{(din, x, 1))+ 1(d(n, x, 1)) "o, f, dln, x, 1))},

where the constant €’ is independent of x, 1, &, and n.
Note that for n =2

din, x,1)<dn—1, x,t)<2d(n, x, 1).

Thus for any d e (0, 1/(8r)) we can choose ne N such that
din, x,1)<d<dn—1, x, 1)< 2d(n, x, t).

Therefore, we have

(47 f(x)| €2"C'{6*+ I "w,(f, 5)}.
Hence

W, (LR <2CLS* + 16 “w.(f, d)},
which implies [2, 7]

w,(f, h)=O(h*).

Our proof will be complete after we prove Lemma 4.1.

LEmMMma 4.1. If fe C[0, oc) and re N, then
X 2L X S Man™ I f ], (4.12)

where M, is a constant independent of f and ne N.

Proof. If r is even, then (4.12) is valid by [8].
Suppose that r=2m—1 with me N. We have by [7, 8]

2m - 2

L("m --2) / Y 2— 2m Z Q,(nx)n'

Z n, k (k/n_ \' J f /1 k dt’

where Q,(nx) is a polynomial in nx of degree [(2m~—2—1i)/2] with
uniformly bounded constant coefficients. By differentiating the four parts,
respectively, and using the moments of Szasz—Mirakjan operators in [7]
we can obtain the estimate (4.12) for xe [1/n, o©). For x e (0,1/n) we have

IxPLS O <n 2L U W . <272 ) 1.

The proof is then complete.
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5. A CONNECTION BETWEEN DERIVATIVES AND SMOOTHNESS

An equivalent relation between the derivatives of the modified Szasz
operators and the Ditzian-Totik modulus of smoothness was given by
M. Heilmann [8], Z. Ditzian, and K. G. Ivanov [6]. In this section
we give an equivalent relation between the derivatives and the classical
modulus of smoothness. The commutativity of these operators is crucial in
our proof.

To prove our main result we need the following lemma.

LEMMA 5.1. LetreN,O<s<r. If fe D,, then

"x[rﬁ_\")‘s'ZL(nr)(f‘, X)“ - ”X.(r s1/2f(r) H o (5_])

Proof. Note that [8]

L(f, %)= Z Posln [© Py () S0 (5.2)

By Holder’s inequality we have
XL, )]

Z Pnk X" san‘ Pn,k+r(1)t(s7”“/2dt
o
x Hx"””zf("(x)ll x

{r—s5)/(2r)
S ”x(risuzf"”(x)“cr, < Z Pn k(‘:)Y nj Pn k+r(,)’ rd’)

K=0
< x"=30l
Hence (5.1) holds.
We can now state the main result of this section.
THEOREM 3. Let fe C[0, ), re N, O<a<r. We have
[LV(f, x)| < M(min{n? n/x})" "2 <> w,(f, h)= O(h*). (5.3)

Proof.  Sufficiency. let geD,, x€ [0, w0}, ne N. By (4.9), (4.12), and
(5.2) we have

LY NS ILS — g X+ 1LY, x)
Smin{2n", My(n/x)"?} I f— gl +11g"l
< (2"+ M5)(min{n? n/x})"?
x {|f— gl + (min{n? n/x})" "2 gl }.
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Therefore, by taking the infimum over ge D, we obtain
LY, %) < Mo(2+ M)min{n®, n/x})20,(/, (min{n?, nfx})~*?),
The proof of the sufficiency is complete.

Necessity. Let 0<t<h<1/(8r), x>rt/2. Set d(n, x, t)=max{1/n,
J{(x+rt/2)/n}. By [8] we have the commutative property

L, (L, x)=L,(L,[)x),  for myneN. (5.4)
By Theorem | we then have

r

Z <:) (—l)r ! {Ln.r(Lm./; x+(j_r/2)’)

j=

l47L,, f(x)i <

_Lm(ﬁ\ﬂ+(‘1_r/2)’)}l

Z ai(n)A;Ln,(Lm.f){x)

(=0

<3 (;) MLy fi /T G r2)0)n 41 )
j=0

+

£ 3 iy [

i=0 2

Li;’(L,,,ﬁ-\'+ 5 u,-)

j=1

du,---du,.
By (5.1) and (5.2) we obtain

r—1
4L, [N <A Mo, (L, f,dn.x, )+ Y |a;(n)]

i=0

2 r (x r)2
xmin{nLi,')(fwx ol (x+ ) u,)

xllx =L X . duy -~-dur}

r—1
S4Mw,(L,f,dn x, )+ Y |a,(n) min{M(An)" *t,
i=0
M(An)(”“m (M'r)(r - ) (X + rt/2)‘“' r)2 tr}
sM"{w,(L,, f.d(n x, 1))+ (dn, x, 1)) "} (5.5)

Here we have used (4.11). The constant M” is independent of m, n, x,
and . For any € (0, 1/(8r)) we can choose ne N such that

din, x, 1) <8 <2d(n, x, t).
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Hence
47 L, [ <2M"{w (L, f.8)+ 176"},
which implies
w, (L, ) <2’M" (oL, f,3)+h"8> ") (5.6)
Let T=(2"*'M" +1)"* 6=h/T. Then by induction we obtain for ke N

o (L, <YM (0L, f,/T)+hT %)

y/

A

k
SQMYo,L,f,hT *)+RT" Y 2'M"'T %)
(=1
SHEM'T Y L + BT 2M (T = 2'M").
Letting kK — oo we have

o, (L, f,)<Th,

where the constant 7" is independent of me N and he (0, 1/(8r)). Thus we
obtain for x> rt/2

|47 () = lim [4]L,, f(x)]
<T7T'r,
which implies

w,(f,h)<Th.

The proof is complete.
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